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Abstract. We introduce an algebra Tt consisting of difference-reflection operators and mul- 
tiplication operators that can be considered as a q = 1 analogue of Sahi's double affine Hecke 
algebra related to the affine root system of type (Ci , Ci). We study eigenfunctions of a Dunkl- 
Cherednik-type operator in the algebra TL, and the corresponding Fourier transforms. These 
eigenfunctions are non-symmetric versions of the Wilson polynomials and the Wilson functions. 



1. Introduction 

Cherednik's double affine Hecke algebras and their degenerate versions are very useful for 
studying Macdonald orthogonal polynomials and generalized Fourier transforms, see e.g. Chered- 
nik |2j, [3], Macdonald ^3]) Opdam JS], Sahi ^Jj, Stokman ^H]- In rank 1 this approach leads 
to new interpretations and new results for many well-known orthogonal polynomials of (basic) 
hypergeometric type and corresponding integral transforms. In this paper we are interested in 
generalized Fourier transforms related to the rank 1 root system of type (C V ,C). The kernels 
in our Fourier transforms are non-symmetric versions of the Wilson polynomials [20] and the 
Wilson functions 0. 

Sahi defined a double affine Hecke algebra TL q related to the non-reduced root system of 
type (C v , C), using Noumi's representation of the affine Hecke algebra associated to root systems 
of type C Sahi's algebra in rank 1 is very useful for studying Askey- Wilson polynomials 
PQ and Askey- Wilson functions see Noumi and Stokman ^1 and Stokman ^2]- In fact, 
Sahi used his double affine Hecke algebra to study the Koornwinder-Macdonald polynomials, 
the multivariable versions of the Askey- Wilson polynomials introduced by Koornwinder In 
rank 1 the double affine Hecke algebra TL q depends, besides q, on four independent parameters, 
corresponding to the number of W-orbits in the root system, where W is the affine Weyl group. 
These parameters correspond to the four parameters of the Askey- Wilson polynomials. A certain 
isomorphism of the double affine Hecke algebra leads to the duality property for the Askey- 
Wilson polynomials and functions. This property basically says that the geometric and spectral 
variable can be interchanged. In the limit q — > 1 the double affine Hecke algebra goes over 
into the degenerate double affine Hecke algebra, see jl] for these limits in case of reduced root 
systems. This limit transition between algebras corresponds to the limit transition between 
Askey- Wilson polynomials and Jacobi polynomials. However, the polynomials and the algebra 
obtained in the limit depend only on two independent parameters instead of four, and there is 
no longer a duality property. For q — > 1 the Askey- Wilson polynomials also have a limit that 
depends on all four parameters, namely the Wilson polynomials. It is a natural question to ask 
if there is a degenerate double affine Hecke algebra related to the Wilson polynomials. 

In this paper we construct such an algebra related to the Wilson polynomials. We define a 
representation of the affine Weyl group which resembles Noumi's representation of the affine 
Hecke algebra associated to root systems of type C. For this representation we use difference 



Date: February 2, 2008. 

The author is supported by the Netherlands Organization for Scientific Research (NWO) for the Vidi-project 
"Symmetry and modularity in exactly solvable models." Parts of this research were done during the authors stay 
at the Department of Mathematics at Chalmers University of Technology and Goteborg University in Sweden, 
supported by a NWO-TALENT stipendium of the Netherlands Organization for Scientific Research (NWO). 

1 



2 



WOLTER GROENEVELT 



operators, similar to the difference operators used by Cherednik [3] to obtain the inverse of 
the Harish-Chandra transform. With our representation of the affine Weyl group, we construct 
an algebra TL which is a new example of a degenerate Hecke algebra. It is shown that TL is a 
degeneration of Sahi's double affine Hecke algebra of type (C V ,C) in rank 1. In particular, TL 
depends on four independent parameters. We remark that there exists a degeneration of Sahi's 
algebra in rank n similar to the algebra TL studied in this paper. In the limit the C n braid 
relations are deformed, so in rank n the algebra TL is not obtained from the representation of the 
Weyl group for the root system of type (C^,C n ). The rank n case will be studied in a future 
paper. 

As in Sahi's algebra, we have a duality isomorphism a for the algebra TL. To this isomorphism 
a one can associate a Fourier transform F : V — > W, which is a linear map that intertwines the 
actions of TL and (j(TL) on the vector spaces V and W respectively, that is, F o X = a(X) o F 
for all X € TL. We consider Fourier transforms that can be written as integral transforms 
with kernels the eigenfunctions of the Dunkl-Cherednik-type operator. The eigenfunctions of a 
Dunkl-Cherednik-type operator in our representation are non-symmetric versions of the Wilson 
polynomials and the Wilson functions. 

We study the non-symmetric Wilson polynomials using the degenerate affine Hecke algebra TL, 
which is very similar to the study of non-symmetric Askey- Wilson polynomials in ^j. The non- 
symmetric Wilson functions, however, cannot be treated in the same way as the non-symmetric 
Askey- Wilson functions (the rank 1 Cherednik kernel in JH]). For instance, the non-symmetric 
Askey- Wilson functions are defined in JH] as a sum of non-symmetric Askey- Wilson polynomials, 
but a similar sum of non-symmetric Wilson polynomials does not converge absolutely. 

Recently, Zhang 21 gave an interpretion of the (symmetric) multivariable Wilson polynomials 
in the representation theory of the degenerate double affine Hecke algebra by showing that 
the multi-variable Wilson polynomials can be obtained from symmetric multivariable Jacobi 
polynomials using the Harish-Chandra transform. For rank 1 this was proved by Koornwinder 
|1U| . The methods in this paper to study the Wilson polynomials are different from the method 
used in [2*T] . 

The structure of this paper is as follows. In section|2]we define the affine Weyl group, construct 
a representation, and define a degenerate double affine Hecke algebra using this representation. 
The non-symmetric Wilson polynomials are needed here to decompose our representation into 
irreducible representations. In section |3] we study the non-symmetric Wilson polynomials. We 
find orthogonality relations with respect to a complex measure, we obtain the duality prop- 
erty, and we relate the non-symmetric Wilson polynomials to the well-known 4i ? 3-polynomials 
defined by Wilson [2U]. In section |I] we define the polynomial Fourier transform as an inte- 
gral transform with the non-symmetric Wilson polynomials as a kernel. This Fourier transform 
maps polynomials to functions that are finitely supported on the polynomial spectrum V of 
the Dunkl-Cherednik-type operator. The algebra TL also acts on these functions, and we show 
that the Fourier transform intertwines actions of the algebra TL on polynomials with the ac- 
tions on functions on V. We also determine the inverse transform, and we give Plan cherel- type 
formulas. Finally, in section El we define and study a Fourier transform with a non-polynomial 
kernel. We first introduce a Gaussian-type function. With this Gaussian, the polynomial Fourier 
transform and its inverse, we construct a Fourier transform that maps polynomials multiplied 
by the Gaussian to polynomials multiplied by another Gaussian. This Fourier transform also 
intertwines actions of the algebra TL. We show that we can write this Fourier transform as 
an integral transform with a non-symmetric Wilson function as a kernel, by relating it to the 
Wilson function transform I. This non-polynomial Fourier transform turns out to be self-dual. 

Acknowledgement. I would like to thank Jasper Stokman and Genkai Zhang for helpful 
suggestions and comments. 
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2. A DEGENERATE DOUBLE AFFINE HECKE ALGEBRA 

In the section we define a representation of the affine Weyl group corresponding to the affine 
root system (C^Ci). With this representation we construct a degenerate double affine Hecke 
algebra. 

2.1. The affine root system. Let E be the space of affine linear transformation of R. Let 5 
be the constant function 1, then for every / <G E we may write 

f(u) = v u + fJ,S(u), u G R, 

for some w,fiEl, so we can identify E with R © R<5. Let ft C -E be the subset 

ft = {±1 + -mS, ±2 + mS \ m G Z}. 

The set ft is the non-reduced affine root system of type (C^,Ci). Define a bilinear form (-,-) 
on E by 

For every root a G ft we define s a : -E — > E to be the reflection in the affine hyperplane 
H a = q _1 (0), then s a is given by 

««(/) =/"(/, « V )«, 

where a v = 2a/(a,a). The affine Weyl group W is the group generated by the reflection s a , 
a G ft. 

Let 5 = {±2} C ft and S" v = {±1} C ft. The subset R = S\JS v <zK\s& non-reduced 
(non-affine) root system with Weyl group W generated by the reflections s a ,a G R. We set 
a\ = 2 G ft and ao = <5 — 2 G ft, then = aj/2, i = 0, 1. Then the affine Weyl group W is the 
Coxeter group with two generators so = s a() , si = s ai and relations sf = 1. The subgroup is 
generated by si, so W = {1, si}. Observe that siSq G W acts as a translation operator 

(ais /)(«) = /(« + !), feE, ueR. 
Setting r(A) = (sis ) A G W, for A G Z, we obtain a description of VV as the semi-direct product 

W = W x r(Z). 

The affine root system ft decomposes into four W-orbits, namely 

Wa = 5 + (1 + 2Z)<5, Wai = 5 + 2Z5, 

Wa v = 5 V + (i + Z)<5, Wat = S y + Z<J. 

Let 5 = Wao U VVai and 5 V = WaQ U Wa^. Then <S and 5 V are reduced affine root systems 
with basis {ao,a\}, respectively {a^a^}, and ft is the disjoint union S U 5 V . Both S and 5 V 
have VV as corresponding affine Weyl group. 

2.2. The group algebra C[W]. We extend the action of VV on E to an action of VV on 
meromorphic functions on C by 

(s f)(x) = f(l-x), ( Sl f)(x) = f(-x). 

In particular, this gives an action of W on the algebra A of polynomials in one variable. Using 
the expression r(l) = siSq it follows that r(A), A G Z, acts as the translation operator 

(r(A)/)(aO=/(s + A). 

Let t be a multiplicity function, i.e., a function t : ft — > C that is constant on VV-orbits. 
Since t is completely determined by the values t ao , t ai , t a v and t a y , we may identify t with the 
ordered 4-tuple (t ao ,t a v ,t ai ,t a v). Moreover, to ease notations we will write 

ta = to, = u 0, tax = t\, t a )[ = u l- 
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For an object O(t) (function, operator, etc.) depending on a multiplicity function t we will often 
suppress the dependence on t and we write 0(t) = O. 

Let C[W] be the group algebra of the affine Weyl group W. We assume io>*i ^ 0. In C[W] 
we define 

o~o = t s , o\=hs\, C = cr o + c r l- 
From (£ — o"j) 2 = i 2 _j it follows that 

£ 2 = + + - *i , i = 0,l. (2.1) 

Now we see that £ 2 commutes with o"o and o\. Moreover, iterating (|'2.1jl for i = 1 gives the 
relations 

ff ^2n _ ? 2n ai = Qj ^n+l + ^n+l^ = ^2 _ f 2 + ^2^ n G N. 

Let ^ denote the commutative subalgebra of C[W] consisting of elements p(£), for p £ A. Then 
the above relations can be written as 



2 j.2 /"2 

*ip(0 - (*ip)(0*i = + C (p(0 - (*1J»)(0), (2-2) 



where | = £ 1 . Note that the right hand side is an element of A%. This immediately leads to 
the following proposition. 

Proposition 2.1. The sets {£ m ,£ n °"i | n,m G Z>o} and {C" 1 ,*^™ \ n,m £ Z>o} are linear 
bases for C[W]. So 

^ <g> C[W] = C[W] C[W] <8) ^ 

as vector spaces. 

Let .4. C .4 be the subalgebra of TV-invariant polynomials, i.e. A w = C[x 2 ], and let AY C 
„4^ be the subalgebra of C[W] consisting of elements p(£) for p G ,4 W . The subalgebra AY is 
the center of C [W] . This can for example be checked using Proposition 12.11 and 1)2.2(1 . 

2.3. A representation of C[W]. To the simple roots ao,ai G 5 we associate linear operators 
T at (t)=Tiby 

(Tif)(x) = t i f(x)+c l (x)({s i f){x)- f{x)), 

where Cj are rational functions defined by 

^ _ (tj + m + a t y (^)) ~ u i + Q » V ( X )) 
Cj(^x;tJ — . . . 

Oi(x) 

Recall here that oq{x) = 1 — 2x and a\{x) = 2x. It is easy to verify that the functions Cj satisfy 

Ci(x) + (siCi)(x) = 2t h i = 0, 1. (2.3) 

Proposition 2.2. For i = 0, 1 f/ie operators T{ map A into itself. 

To prove the proposition we introduce difference-reflection operators Di related to the simple 
roots Oj G S, 

A = ^- 

ai 

Proposition 12.21 then follows immediately from the following lemma. 
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Lemma 2.3. The operators Di, i = 0, 1, map A into itself. Moreover, we have 
D x m 



^mx m 2 + l.o.t. m even, 



D lX r 



x m ~ l -\{m- l)x m - 2 + l.o.t. m odd, 
0, m even, 

_ x m-l m 



Here 'l.o.t.' means 'lower order terms with respect to the degree'. 

Proof. By linearity it is enough the prove that D^p G A for p{x) = x m , m G Z>o- For i = 1 the 
calculation is straightforward. For i = we have 

D x m = {L P- X . 
1 — 2x 

We replace x by z + ^ , then we see that the numerator of the expression 

{\-z) m -{\ + z) m 
-2z 

only contains odd powers of z, so we see that Dqx" 1 G A. To get the explicit expression we 
expand (| + z) m = Y^iLo {^f)z l 2 l ~ m and write out the above expression. □ 

Proposition 2.4. The assignment 

Ui^Ti, £ = 0,1, 
extends uniquely to an algebra homomorphism 7it : C[W] — > End(.4). 

Proof. We only need to verify that Tj satisfies the relations Tf = tf. Let p G .A, then we have 
for i = 0, 1, 

(Tfp)(x) =Ti(tip(x) + Ci(x)((sip){x) -p(x))\ 
=ti(tip(x) + Ci(x)((sjp)(x) -p(a;))J 

+ + (sjCi)(x)(p(a;) - (sjp)(x))J 

- Ci(x)^p(x) + Ci(x)((sip)(x) -p(x))j 

= {tf + Ci(ac)[ci(ac) + (s;Cj)(x) - 2U]\p(x) 

- Ci(x)[ci(x) + (sid)( X ) - 2ti]{sip){x). 

By l|2.3j) the terms between square brackets are equal to zero, hence Tf = tf as required. □ 

We denote T = 7r t (C[W]) C End(A), so T is the algebra generated by To and T\. Moreover, we 
will denote T = wt (C [W] ) , so T is the algebra generated by T\ . In the study of the representation 
7Tt the image of £ G C[W] will play an important role. We denote 

Y = n t {0=T + T 1 eT. 

For K we have the following useful property. 

Proposition 2.5. Y is a triangular operator, i.e., form G Z>o, 

Yx m = lm x m + l.o.t. 

The coefficients 7 m are given explicitly by 

{to + t\ + n, m = 2n, 
— (to +ti + n), m = 2n — 1. 
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From here on we assume that to + t\ — | N, so that 7 mi ^ 7 m2 if m\ ^ m2. 
Proof. We write 

?b = to + (*o + Uq + ^ - x)(t - u + ^ - x)T>o, 
7i = ti + (ti + ui + x)(h — m + x)Di, 
then we obtain from Lemma l2.HI 



T x r 



Tix T 



x m+1 - (t + \{m + l))x m + l.o.t., modd, 
(to + \m)x m + l.o.t., m even, 

' -x m+1 - tix m + l.o.t., modd, 



I iix" 1 + l.o.t., m even. 

Now the result follows from Y = Tq + T% . □ 



From Proposition 12.51 it follows that for all m E Z>o there exists, up to a multiplicative 
constant, a unique element in ^4 which is an eigenfunction of Y for eigenvalue j m . We call this 
element a non-symmetric Wilson polynomial. 

Definition 2.6. The non- symmetric Wilson polynomial p m is the unique monic polynomial of 
degree m such that Yp m = j m p m . 

Clearly the set {p m \ m € Z>o} forms a linear basis for A. In order to decompose A as an 
T-module, we need to know the action of T\ on the non-symmetric Wilson polynomials. By 
To = Y — T\ we then also have the action of To. 

Proposition 2.7. We have T\po = t±po, and for m > 1 

j -Pm+l + b m p m , m odd, 

\b m p m + (b 2 m - tj)p m ^i, m even, 



Tip 
where 



(lm +h + t Q ) (7 m + tx - t ) 



27m 

If we define bo = t\, which is consistent with the above defined expression for b m , then the 
expression for T\p m , m even, is also valid for m = if we assume that p-\ exists (e.g. p-\ = 1). 

Proof. From po = 1 we obtain directly T\po = t\po- Assume m > 1. From the action of T\ on 
the monomial x m (see the proof of Proposition 12.5(1 it follows that 

2n-l 2n 

T\pm-\ = ~P2n + ^2 OQn-ijPj, Txp 2n = '^2a 2n ,jPj, n € N. 

3=0 j=0 

Now using YT\ + T t Y = y 2 + if - t 2 we find (Y + -/ m )T lPm = (7m + *i ~ %)Pm- Applying this 
to the expansions gives 

ryZ _|_ ^2 _ -j.2 

a m ,m = m 9 , «2n-l,2n-2 = 0, O m j =0, j < m — 2. 

^7m 

Note that we do not find the value for a2 n ,2n-\ from this, since 72n-i + 72n = 0. In order to find 
«2n,2n-i we write out T 1 2 p 2n : 

T\Pln = Ti(a2n,2nP2n + «2n,2n-lP2n-l) 

= ( a 2n,2n ~~ a 2n,2n-l)P2n + 0,2n,2n-l(o-2n,2n + 0>2n-l,2n-l)P2n-l- 

Using 72 n = — 72n-i we see that «2n,2n + «2n-i,2n-i = 0. Now from T 2 = t 2 it follows that 
( a 2n 2n ~ «2n,2n-i) = t\, which gives us the value of a 2n ,2n-l- □ 
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We denote by Ay C T and Ay C T the commutative subalgebras consisting of elements 
piY) for p G A, respectively p G A w . Also, we set A(n) = span{p2n,Kn-i}, n G N, and 
A(0) = span{p }- 

Theorem 2.8. (a) The representation 7r t : C[W] — > End(.4) is faithful. 

(b) 77ie decomposition A = © ng z> «4.(to) i/ie multiplicity-free, irreducible decomposition of 
A as a C[W]-module. Moreover, the element p(£) m i/ie center A^ of C[W] acts on A(n) as 
multiplication byp{^2n)- 

Proof, (a) By Proposition 12.11 every element of T = 7Tt(C[W]) can be written as p(Y) + T\q(Y) 
for some p, g G .4. Suppose that p(K) + T\q{Y) = in T, then (p(7 m ) + q{jm)Ti)p m = for all 
m G Z>o- Now it follows from Proposition 12 . 71 that q{"fm) = for all m, hence q = in A. This 
leaves us with p(^ m ) = for all m, so also p = in A. 

(b) The decomposition follows from Proposition 12 . 71 and the fact that the algebra T is gener- 
ated by T\ and Y. Let p(£,) G , then since 72 n = — 72n-i we find that vr t (p(^)) = acts 
on A(n) = span{p2n~i,P2n} as multiplication by p(72 n -l) = p(j2n)- □ 

2.4. A degenerate double affine Hecke algebra. Let z G End(A) be multiplication by 

x; (zp)(x) = xp{x) for p G A. We denote by A z the commutative algebra in End(.4) of 
multiplication operators p(z) for p £ A. Let us now define a degenerate double affine Hecke 
algebra as follows. 

Definition 2.9. The algebra TL = "Hit) is the algebra in End(.4) generated by T and by A z . 
From writing the explicit expressions Tj, % = 0, 1, as 



Using the linear bases for C[W] from Proposition 12. II we obtain linear bases for 7i. 

Proposition 2.10. The sets {Y k z l ,Y m T lZ n \k,l,m,n€ Z> } and {z k Y l , z m T 1 Y n \k,l,m,n€ 
Z>q} are linear bases for TC. So 



as vector spaces. 

Now we can show that the relations (|2.4|) and the quadratic relations in T completely char- 
acterizes the algebra 7i. 

Proposition 2.11. The algebra TL{t) is isomorphic to the unital, associative algebra V(t) gen- 
erated by Vq, V\,v with relations 




it follows that we have the following relations in 7i, 




{{sip){z) -p{z)). 



(2.4) 



A Y ®T ® A Z = H = A Z ®T ® Ay 





The isomorphism <j> : V(t) — > TC(t) is given on generators by the assignments 

Vo^Tq, Fi^ri, v ^ z. 
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Proof. Let <f> be denned on the generators of V as in the proposition, then by Tf = t 2 , i = 0, 1, 
and by (|2.4|) preserves the defining relations of V. Moreover, <p maps generators of V to 
generators of Ti, hence <j) is surjective. For the injectivity it is enough to show that the set 

B = {(V + V 1 ) k z l ,(V + V 1 ) m V 1 z n | k,l,m,neZ> } 

is a linear basis for V. Now observe that the relations V 2 = tf imply that the subalgebra 
generated by Vq and V\ is isomorphic to C[VV], then from Proposition 12, II and the other relations 
in V it follows that the set B is indeed a basis for V. □ 

For p{z) = z 6 A z the relations (|2.4j) become 

T z + zT - T = to - Uq + - zf, 
T\z + zTi = u\ — t\ — z 2 , 



which we can also write as 



(T + i - z) 2 = ug, (Ti + z) 2 = u?. 

Let us therefore denote 

T a v = -T - - + T a v = -Ti - z, 

then we have operators associated to any simple root in 1Z such that 

T-.2 j.2 r- r V Vi 

i a — t a , a e {ao, ai, a , a x }. 

We will also use the notation T a v = [/j, i = 0, 1. Using Proposition I2.H1 we now obtain the 
following characterization of the algebra Ti. 

Proposition 2.12. The algebra H(t) is isomorphic to the unital, associative algebra V(t) gen- 
erated by Vi, Vi, i = 0, 1, with relations 

V 2 = t 2 , V 2 = u 2 , 

v + v 1 + v + v 1 = -~. 

The isomorphism is given explicitly on generators by Vi i— ► T, Vi i— > t/j, /or z = 0,1. 

Proof. The last relation in the proposition implies that V is also generated as an algebra by the 
elements Vq, V\ and v = —V\ —V\ = | + Vq + Vq. Writing out the quadratic relations V 2 = u 2 
leads to 

V v + vV - V = tl - tig + (- - w) 2 , 

Fiu + vVi =u\-t\- v 2 . 
Iterating these relations gives back the defining relations from Proposition 12 . 1 ll □ 

Finally, to justify the name "degenerate double affine Hecke algebra" for our algebra Ti we 
show that the operators To and To can be obtained by taking an appropriate limit in the Noumi 
representation of the affine Hecke algebra of type A±. 

Let < q < 1 and let k : 1Z — > C be a multiplicity function. The affine Hecke algebra of type 
A\ is the unital complex algebra generated by Vq and V\ with relations 

(V J -k a] )(V J + k- 1 ) = 0, j = 0,1. 

The Noumi representation is given by 

(1 - k aj k a ,q a 1^){l - k aj kjq a > (x) ) 
Vi = k a .+ k~ l j-. 1 (a,- - 1) 
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These operators act on the algebra of Laurent polynomials in q x . Now we substitute 

(k ao ,k a v,k ai ,k a v) ^ (-iq to ,iq Uo ,-iq tl ,iq Ul ), 
with to,UQ,ti,ui G C, then 

lim IzSH _ tj + + + !» - ■> + w - 1) - r „ ,=o,i. 

gfi 1 — g aj(x) 

So the algebra T generated by To and T\ is indeed a degenerate affine Hecke algebra. Moreover, 
the Dunkl-Cherednik operator for the affine Hecke algebra is given by Y = V\Vq. In the limit 
we obtain 

„ m t±l = „ m <lz£*i + j-Ljjj _ (l^VcKl^)) = ro + Tl = y. 
gfi 1 - q ?nu-g 1 - q 1 - g / 

The algebra TL may be considered as a g = 1 analogue of the double affine Hecke algebra of 
type (C^Ci), which was introduced by Sahi ^Jj for general rank. The presentation of TL in 
Proposition 12 . 12l corresponds to Stokman's characterization |15| Theorem 2.22] of Sahi's double 
affine Hecke algebra. 

3. Wilson polynomials 

In this section we study the non-symmetric Wilson polynomials from Definition l2.61 and their 
symmetrized versions. We show that the symmetric Wilson polynomials are (with a suitable 
normalization) exactly the Wilson polynomials as defined by Wilson in |2U| . 

3.1. Orthogonality relations. Let us introduce parameters a, b, c, d related to the multiplicity 
function t = (to , uq , t\ , u±) by 

(a, b, c, d) = (ti + m, h - ui, t + u + to -u + i). (3.1) 

Throughout the rest of the paper the parameters a, b, c, d will be related to the multiplicity 
function t in this way. We define a weight function A by 

r(o + x)T(a + 1 - a)r(6 + x)T(b + 1 - x)T(c ± x)T{d ± x) 
(X;t) " r(2x)r(l - 2x) ' 

Here, and elsewhere, we use the notation f(a±/3) = f(a + j3)f(a — j3). From here on we assume 
that the multiplicity function t is such that 

• a,b,c,d — ^Z>o, 

• the pairwise sum of a, b, c, d is not contained in TL. 

Let C = Ct be a contour in the complex plane that runs along the imaginary axis from —ioo to 
ioo and is indented such that the sequences a + n, b + n, c + n, d + n, n G Z>o, are separated by 
C from the sequences —(a + n), —(b + n), —(c + n), —(d + n), n G 7L>o- Moreover, we assume 
that, set theoretically, C = —C. With the above assumptions on t such a contour exists. To the 
weight function A we now associate a non-degenerate bilinear form (•, -)t on A, 



(f,g)t = ^~ [ f(x)g(x)A(x)dx. 



By Cauchy's Theorem we may write the above integral as an integral over iM. plus a finite sum 
of residues corresponding to poles of A. In case a, b, c, d have positive real part we may take 
C = iR. 

Proposition 3.1. The operators Y and T, i = 0, 1, are symmetric with respect to (•, -)t- 
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Proof. Let f,g G A. We have 

(T /)(x) = t f(x) + (C ~ g - L" ^ " X) " 

so 

W 9)t = ^-f c t f(x)g(x)A(x)dx + ^~f c (/(I - s) - /(x)) p(aj)A(x)dx, 

where 

T(a + x)r(a + 1 - x)T(b + x)r(6 + 1 - x)T(c + x)r(c + 1 - x)T(d + x)T(d + 1 - x) 



A(x) 



r(2x)r(2 - 2s) 

We see that A(x) = A(l — x). So we may write the second integral as 

7T— / /OM 1 ~ x)A(x)dx - — [ f(x)g(x)A(x)dx. 
2tti J 1+c 2tti J c 

Under the current assumptions on t the integrand of the first integral does not have poles inside 
the area between C and 1 + C. Therefore we can shift the path of integration, and we obtain 

(To/, 9)t = ^~J c f{x) (tog(x) + {C ~* ] } d 2 ~ X \ g{l -x)- g{x))\ A(x)dx 
= (f,T g)t. 

This proves the proposition for To. The proof for T\ is similar. Since Y = To + T±, Y is also 
symmetric with respect to (•, -)t-. O 

We can now prove the orthogonality relations for the non-symmetric Wilson polynomials. 

Theorem 3.2. The set of non- symmetric Wilson polynomials {p m \ m G Z>o} is an orthogonal 
basis for A with respect to (•, -) t . 

Proof. Using the previous proposition we have 

mi i Pm,2 )t = (Yp mi ,Pm 2 )t = (pmi,Yp m2 )t = 7m 2 (Pmi , Vm 2 )t- 
Since j mi ^ j m2 if mi ^ ni2, we have 

(Pm 1 ,Pm 2 )t = 0, 

if mi 7^ r?i-2. n 

We evaluate the diagonal terms {p m ,Pm)t later on in Theorem I4.HI 
Remark 3.3. We could also define a bilinear form by 

(f,gy t = ^-J c f(x)g(-x)A(x)dx. 

This bilinear form is closer to the bilinear form used for the non-symmetric Askey- Wilson poly- 
nomials in |15j . However, To and T% are not symmetric with respect to this bilinear form. So 
this would lead to biorthogonality relations between the eigenfunctions of Y and Y* , the adjoint 
of Y with respect to the above defined bilinear form. However, it is not hard to show that the 
eigenfunctions of Y* are precisely the non-symmetric Wilson polynomials x i— > p m (— x;t), so 
that this biorthogonality relation is equivalent to the orthogonality relations in Theorem 13.21 
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3.2. Symmetric and anti-symmetric Wilson polynomials. Let us define in C[W] 

c ± = i(l± Sl ). 

These elements are orthogonal primitive idempotents in C[W], i.e., c\ = c±, c_ + c+ = 1 and 
c±c=p = 0. For p G A the polynomial c + p is an even polynomial, so c+ is the projection of A 
onto A w , and C-p is an odd polynomial. The representation 7Tt of C[W] gives us corresponding 
elements in the algebra T, 

C ± = 7r t (c ± ) = ^-(t 1 ±T 1 )eT. 

Since C+ + C_ = 1 in T, we have a corresponding decomposition of A in a symmetric and an 
anti-symmetric part; A = A+ © where = C±A. So .4± consists of polynomials p € A 
for which (Ti =p t\)p = 0. From the explicit expression of T\ we obtain Tip = tip if and only if 
s\p = p, so we see that A+ = A w , the algebra of even polynomials. Moreover, consists of 
the polynomials p such that ci(— x)p(x) is odd. Indeed, the identity (Ti +ti)p = is equivalent 
to 

= 2tip(x) + ci(x)(p(— x) — p(x)) = (ci(x) + ci(— x))p(x) + ci(x)(p(— x) — p(x)), 

which gives ci(— ar)p(ar) = — ci(x)p(— x). The symmetric and the anti-symmetric polynomials 
are related by the generalized Weyl denominator, which is the monic anti-symmetric polynomial 
of lowest degree. 

Proposition 3.4. Let the generalized Weyl denominator 5 be the polynomial given by 

6(x) = (ti + ui + x)(ti —ui+x), 

then 6(z)A+ = A—. 

Proof. After a straightforward calculation it follows from Proposition 12 . 1 ll that 

(T 1 + t 1 )S(z) = S(-z)(T 1 -t 1 ), 

hence 5(z)A+ C A-. In the same way it follows that S(z)~ 1 A- is VF-invariant. So we only need 
to show that if p € A-, then 5(x)~ 1 p(x) is a polynomial. This follows directly from writing the 
polynomial p € A- as 

ci(x) 5{x) 

p x = ? ~ x = 77 \P(- X )> 

ci(—x) o{— x) 

where we used S(x) = 2xci(x). Hence 5(z)~ 1 A- C A+. □ 

We can decompose the irreducible T-modules in a symmetric and anti-symmetric part; A(n) = 
A+(n) © A-(n), n G Z>o- So the non-symmetric Wilson polynomials p m can be written as the 
sum of a symmetric and an anti-symmetric polynomial. For a factor independent of x, we 
must have C±p2 n -i = F^C±p2 n , since both C±p2 n and C±j>2n-i are in the (anti-)symmetric 
part of A(n). It will be useful to work with monic polynomials. 

Definition 3.5. (a) The symmetric Wilson polynomial is the unique monic polynomial in 

(b) The anti- symmetric Wilson polynomial P 2n is the unique monic polynomial in A-(n). 

We remark that both P 2n and P 2n are of degree 2n. There are no (anti-) symmetric Wilson 
polynomials of odd degree. Note that the sets {P^ | n G Z>o} and {-P 2 ~ | n € N} are a linear 
basis for A+, respectively A-. We can express the (anti-)symmetric Wilson polynomials in 
terms of non-symmetric ones and vice versa. 
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Lemma 3.6. We have 

P 2n = V2n + (hn ~ h)P2n-l, P^n = V2n + (hn + h)P2n-l, 

or equivalently, 

P2n = ((&2n + *l)*2n ~ ( b 2n ~ *1 )■*»») , P2n-1 = ^~ {P 2 n ~ P 2n ) ■ 

with &2n as in Proposition \2. 7\ 

Proof. This follows from writing out (T\ ± t\ )p m using Proposition 12,71 □ 

The (anti-)symmetric Wilson polynomials also satisfy orthogonality relations with respect to 
the bilinear form (•, -)t- 

Lemma 3.7. We have the following orthogonality relations: 

(a) For n E Z> , m E N, {P^P^Jt = 0, 

(b) For n,me Z> , n^m, {P^P^Jt = 0, 

(c) For n,m EN, n + m, (P 2n , P 2m ) t = 0. 

Proof, (a) From C±C^ = we obtain 

(C + p n ,C-p m )t = {p n ,C + C-p m ) t = 0. 

(b) Since P 2 + E A w and Y 2 E , it follows from Theorem E^b) that Y 2 P+ n = 7f n P 2 +. 
Because Y is symmetric with respect to (•, -)t, Y 2 is also symmetric. Now, since the eigenvalues 
7| n are pairwise different, the orthogonality relations follow. 

(c) Theorem 13.21 gives for n ^ m 

= (Pn,Pm)t = {C+Pn, C + p m ) t + (C + p n , C_p m ) t + (C_p n , C + p m ) t + (C_p n , C-P m )f 

Then by (a) and (b) we obtain (C-p n ,C^p rn )t = 0. □ 
Let us define the weight function A + by 

+ T(a± x)T(b ± x)T{c ± a?)r(d ± x) 

(X;t) " f{±2x) ' 

and let (•, - be the corresponding bilinear form on A+, 

(f, g )+ = ^ f f(x)g(x)A + (x)dx. 
J c 

Observe that A + (-x) = A + (x). 
Lemma 3.8. For f,g E .4+ 

{f,9)t = \(a + b){f,g)+. 

Proof. From the explicit expression for A and A + it follows that 

A(x) = ci(-x)A + (x). 

Let /, g E A+, then 

2{f,g) t = ^ I f(x)g(x)(c 1 (x) + c 1 (-x))A + (x)dx. 

Using c\{x) + ci(— x) = 2ti = a + 6, we obtain 

(/,5)t = ^(a + 6)(/, 5 ) t + . □ 

Combining Lemma 13.81 with Lemma 13.7( b) then leads to the orthogonality relations for the 
symmetric Wilson polynomials with respect to (•, •)^. 
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Theorem 3.9. The set {P^ | n € 1*>o} is an orthogonal basis for A+ with respect to (•, -)^. 

Now we can prove the generalized Weyl character formula, which says that anti-symmetric 
Wilson polynomials can be expressed in terms of symmetric Wilson polynomials with a shift in 
the parameters using the generalized Weyl denominator 5 defined in Proposition 13.41 

Theorem 3.10. For rGN 

P 2n( X 'i t ) = ^-^n^O^O^O,^ + l,u{). 

Proof. The symmetric Wilson polynomial P<2n(-', to, uo,t\ + 1, ui) is the unique even monic poly- 
nomial of degree 2n that is orthogonal to all even polynomials of degree < 2n — 2 with re- 
spect to ')(t , u ti+l ui)' P( x ^ = ^i x ) lp 2n( x '^)^ then p is a monic polynomial and by 
Proposition 13.41 we have p G A+. So, to prove the desired identity, it is enough to show that 
(P, ?2ft)^ 0)U0)tl+1)U1 ) = 0, for any even polynomial q 2 k of degree 2k for k = 0, . . . , n - 2. 
By the explicit expressions for A and A + we have 

5(x)A(x;t) = -—A + (x;t ,u ,ti + 

Now we write out the bilinear form (•, -)t as an integral and we symmetrize the integrand, then 
we obtain 

If (5{—x) — 5(x)\ 
( P 2n> S ( z )l2k)t = J p{x)q 2 k{x)y — jA + (x;t ,Uo,ti + l,u%)dx 

= --(a + b)(p, 92fc)J 0!U0)tl+l!Ul) - 

Since 5(z)q2k € s P an {-f2m I 771 = 1) •••>& + 1} C A- it follows from Lemma 13.7( c) that 
( P 2m K z )l2k)t = 0, hence (p, 92fc}J 0)U0itl+liUl) = as desired. □ 

3.3. Duality. In this subsection we prove the duality property for the Wilson polynomials 
using ideas from J2j and |15j . We define an involution a acting on multiplicity functions by 
interchanging the values on the ao-orbit and the a^-orbit. So, given a multiplicity function 
t = (to, uq, t\, u±), the multiplicity function t CT : 1Z — > C is given by 

We call t a the dual of t. If an object depends on the multiplicity function t, we will use a super- 
or subscript a to denote the same object depending on t CT . For instance, for the difference- 
reflection operators we write T? = Tj(t CT ), and H a = H(t a ) is the algebra generated by Tq, Tf 
and z a = z. 

Proposition 3.11. The assignments 

To -> -(Tf + z), 2i ' ^ Tf , z -» -(T CT + Tf ), 

extend uniquely to an algebra isomorphism o~ : Tt —> TC a with inverse a^ 1 = a a , respectively 
anti-isomorphism ip : Tt — > TL a with inverse ip~ l = Vv- 

We call a and ip, the duality isomorphism, respectively duality anti-isomorphism. 

Proof. It is straightforward to verify that the following relations are satisfied 

a(T ) 2 = tl u(T 1 ) 2 = t\, a(z-^-To) 2 =u 2 , a{-T x - z) 2 = u\, 

and similarly for ip. We see that both ip and a satisfy 

T i ^ U[ , T\ ^ Tf, Uq ^ U%, Ui i — > T CT , z ^ Y ^ -z. 

We then see that cr -1 = o" CT and tp" 1 = if) a . □ 
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Next we introduce, following Sahi |17j . elements in TL called intertwiners which can be used 
to construct raising and lowering operators for the non-symmetric Wilson polynomials. These 
intertwiners So, Si G TL are defined by 

So = UiY-YUi, S x = TiY -YTi. (3.2) 

We have the following useful property. 

Lemma 3.12. For n 6 Z>o, 

SoP2n = (72n+l ~ 72n)f>2n+l, Sip 2n +1 = ^ 2n+2 p 2n+2 . 

Proof. By Proposition 12.71 we have 

SlP 2n +l = (72n+l ~ Y)Tip 2n +l = {l2n+l ~ Y)(-p 2n +2 + b 2 n+lP2n+l) 

Then the formula for Si follows from r y 2 n+2 = — 72n+l- 

Next we check the action of So- Let So = zTq — Tqz G TL. For p € A, we obtain from 
Proposition 12.111 v(z)Sn = So(sop)(z) in TL. Applying the duality isomorphism a and replacing 
the parameters by their duals, gives us p{— Y)Sq = Sop{l+Y) in TL. So Sop 2 n is an eigenfunction 
of Y for eigenvalue —(1 + ^ 2n ) = 72n+i, therefore Sop 2n = k n p 2n+ i for some constant k n . Using 
Proposition 12.71 again, the constant k n can be determined by finding the leading coefficient in 

SoP2n = (Y - 72n)(?l + z)p 2n = (Y - ^2n){{b 2n + z)p 2n + {b\ n - t\)p 2n -l)- 

From Proposition 12.51 it now follows that k n = 72n+i — 72n- D 

Observe that in the same way as in Lemma 13.121 it can be proved that SoP2n+i = k^p 2n and 
S1P211 = k\p 2n _i for some constants k l n which can be determined explicitly. We do not need 
these formulas here. 

As a first application of Lemma 13.121 we deduce a Rodriguez-type formula for the non- 
symmetric Wilson polynomials, which says that the non-symmetric Wilson polynomials can 
be generated from 1 6 A., the polynomial identically equal to 1, using the intertwiners. We use 
the standard notation for shifted factorials, 

(a)o = 1, (a)n = a{a + 1) . . . (a + n — 1), n £ N. 

Proposition 3.13. For n G Z>o, 

(SiSo) n l = (-l) n (2t + 2ti + l) 2nP2n , So(SxSo) n l = (-l) n+1 (2t + 2*i + l) 2n +iP2n+i. 

Proof. This follows from Lemma 13.121 using induction on the degree. □ 

As a second application of Lemma 13.121 W6 6VcliUclte Prn {-xo) explicitly, where x = h + ui. 
For this we introduce the evaluation mapping Ev : TL — > C by 

Evpf) = (X(l))(-x ), XeTL, 

where 1 £ i. From the explicit expression Ti = ti + ci(-)(si — 1) and from ci(-xo) = it 
follows directly that 

Ev(TiX) = tiEv(X), X eTL. (3.3) 
Proposition 3.14. For n G N, 

(a + b + l) n (a + c) n (a + d) n 



P2n{-Xo) 
P2n-l{-Xo) 
KM 



(n + a + 6 + c + d) n 
(a + b+ l) n -i(a + c) n (a + d) n 
(n + a + b + c + d - 1)„ 
(a + b) n (a + c) n (a + d) n 
(n + a + b + c + d - l) n 
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Proof. Let n G Z>o- Using the relation YT\ + T{Y = Y 2 + t\ — £q in 7i, we may write 

S x = 2T X Y — Y 2 — t\ + 4. 

Then using (|3.3j) we have 

Ev(S 1 p 2n +l(z)) = (2ti7 2n+ i - J2n+1 ~ A + t o)P2n+l(-X ) 

= {to +h~ 72n+l)(*0 ~t\+ l2n+l)P2n+l{-Xo)- 

Applying the duality isomorphism a to the relation Tqz + zTq — To = ig — Uq + (I — z) 2 and 
replacing the parameters by their duals, we find in 7i 

V{Y + YU X + U 1 = ul-u\-{\ + Yf. 



S = -2{T X + z)Y - (Tx + z) + (i + Y) 2 + n 2 - u 2 ,, 



This gives us 
and using (j3.3|) we then obtain 

Ev{S P2n(z)) = ( - 2(tl - X )72„ - (h - Xq) + (- + 72n) 2 + u\ - ul)p 2n {-Xo) 
= {Ui + U + - + 72n)(«l - UQ + 2 + 72n)P2n(-2:o)- 

On the other hand, we find from Lemma 13.121 

Ev(Sop 2n {z)) = (72n+l ~ 72n)P2n+l (~^o) , Ev(Sip 2n +l{z)) = 2-f 2 n+2P2n+2 {~Xo) ■ 

Combining now gives us the recurrence relations 

, , (to + h + u + ui + \ + n)(t +h - u + u\ + \ + n) 
P2n + i{-x ) = 2to + 2t 1 + 2n + l 

. , (2t + 2ti + l + n)(2ti + l + n) , , 
P2n + 2{-xo) = 2to + 2t 1 + 2n + 2 ^ + i{-xo). 

The evaluation formula for p m {— xo) follows by induction on m, starting with po{— xq) = 1. The 
expression for P 2 + (xo) = ^2 + n{~ x o) follows from Lemma l3~?fl □ 

Similar to Ev we define the dual evaluation mapping Ev : TL a — > C by 

Ev(X) = (X(l))(- 7o ), le«, 

With the evaluation mappings and the duality anti-isomorphism tp we construct two pairings 
B : H x H a -> C and B : H a x H -> C as follows 

B(X, X) = Ev{i> a {X)X), B(X, X) = Ev(i>{X)X), X G H, X G Ti. a . 

These pairings have the following properties. 

Lemma 3.15. Let X,Xi,X2 G Ti and X , Xi, X2 G TL a , and let p G A. Then 

(a) B(X,X) = B{X,X), 

(b) B{X 1 X 2 ,X) = B{X 2 ^{X l )X), and B{X,XiX 2 ) = B{^{X l )X,X 2 ), 

(c) B((Xp)(z),X) =B{Xp{z),X), and B{X,{Xp){z)) = B{X,Xp{z)). 

Proof, (a) Let X = f(z)T%g(Y) G Ti for /, <? G A, then using Yl = 70 and T\l = t\ we have 

Ev(^(X)) =( 5 (- z )T{7(-Y CT )(l))(-7o) 
= *i/(-£o)5(7o) 
= (/(z)T l5 (y)(l))(-x ) 
= Ev(X), 
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and similarly for X = f{z)g(Y). So we have Ev(^(X)) = Ev(X) for all X € TL. This gives us 
B(X,X) = Ev(^(X)^ a (X))) =Ev(MX)X) =B(X,X). 

(b) Since ifi is an anti- isomorphism with inverse ifj a , we have 

B(X 1 X 2 ,X) =Ev(^ a (X) X t X 2 ) =Ev(M^(Xi) X) X 2 ) = B(X 2 ,^(X 1 )X). 

(c) This is an immediate consequence of [(Xp)(z))(l) = (Xp) = X(p{z){Vj) in A. □ 

We renormalize the non-symmetric Wilson polynomials as follows: 

Pm(x;t) 



E(x,j m ;t) 



p m {-x ;t)' 



In particular we have Ev(E(z, 7 m )) = 1 for all m € Z>o- Furthermore, we denote the eigenvalues 
of Y a G H a by x m , i.e., for m € Z>o, 

_ a ._\ti+ui + n, m = 2n, 

I — (ti + ui + ri) , to = In — 1. 

We are now ready to prove the duality property for the non-symmetric Wilson polynomials. 
Theorem 3.16. For m,n 6 Z>o and p E .4, we /iaue 

p(-7m) = B(p(z),E(z,-f m )), p{-x n ) = B(p(z),E a (z,x n )). 
Consequently, the Wilson polynomials satisfy the duality property 

E(-x n ,"f m ;t) = E(-j m ,x n ;t a ). 
Proof. Using Ev( y E{z, 7 m )) = 1 for all m G Z>o and the previous lemma, we have for / £ A, 

B(f(z),E(z, 7m )) = 5(1, f(-Y) E(z, 7m )) 

= J §(i,(/(-y)^(., 7m ))(z) N 



= /(-7m)£(l,£(2,7m)) 
= /(-7m)- 

Similarly, for 5 € .4, we find 

B(g(z), E a (z,x n )) = g(-x n ). 

Now take / = E a (-;x n ) and g = E(-,^ m ), and use Lemma fc.l5f a) to obtain the second statement 
of the theorem. □ 

Theorem 13.161 can be used to write the actions of T\ and U\ on the Wilson polynomials as 
difference-reflection operators in the dual variable. This will be useful in the next section. 

Lemma 3.17. For m G Z>o 

(T x E(-^ m ))(x) = tiE(x;^ m ) + cl(-j m )(E(x; -7 m ) - E(x;j m )), 
(UiE(-;j m ))(x) = uiE(x;~f m ) + c% (~7 m ) (E(x; -1 - 7 m ) - E(x;j m )), 

where we use the convention E(x, —70) = 1. 

It is useful to observe that cf (— 70) = 0. 
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Proof. For U± we recall that by Theorem 13.161 

(C/i£(-,7m))(-0 = B(E{z,-/ m ),T£E a {z,x n )). 

Now we use the relations between To and p(z) in 7i as well as the identity B(X,XTq) = 
u\B(X,X) for X G 7i, X G W CT , then we obtain for m,n G Z>o, 

(UtE(-, 7 m )) (-a;„) = ui-B(^(z,7 m ),£' (T (l - z,x n )) 

+ Ul ~ "° + ( 2 + 7m) /4 (b(E(z, lm ), E a (l - z, x n j) - B(E(z, ^ m ),E a (z, x, 

1 + * 

= uxE(-x n ,^ m ) + c (-7 m ;t CT )( J E(-x n , -1 - 7 m ) - E(-x n , j m )) . 
Here we used 

B(E(z,-f m ),E a (l - z,x n )) = B(E CT (1 - z,x n ),E(z,~f m )) = E a (l + j m ,x n ) = E(-x n , -l-j m ). 

So the desired identity holds for all n G Z>o, hence it holds in *4. The expression for T\ can be 
obtained in the same way. □ 

Let us also briefly consider the symmetric Wilson polynomials. We denote C±E(-,'j m ) = 
E (-,7m)- For to = 2n or to = 2n — 1 we have C+E(-,j m ) = kP^ for some constant k. 
From ci(-xq) = and E(— xo ; 7m) = 1 it follows that (TiE(-, 7 m ))(— #o) = £i- Therefore 
(C + ^(-,7 m ))(-a;o) = 1, which gives 

E + (x, l2n ;t) = E+(x, l2n ^;t) = ^ X;t L n G N. 

B 2n {xo;t) 

In the same way as in Theorem 13. 161 the duality property for the renormalized symmetric Wilson 
polynomials is obtained; 

E + (x 2n ,~f 2m ;t) = E + (^ 2m ,X 2n ;t a ), TO, n G Z> . 

3.4. Explicit expressions for the Wilson polynomials. From the definition of To and T\, 
and from the description of W as the semi-direct product W x r(Z), it follows that we can write 
any X G T as 

X = c AiU; t(A)u; 

for some coefficients G C(x) of which only finitely many are non-zero. Since W = 
we may write any X G T as X = Xq + X\s\, where Xq,X\ G ® AeZ C(x)t(A). So Xo and X\ 
are difference operators with rational coefficients. We define X sym = Xq + X\. Since A+ is 
W-invariant, it is clear the actions of X and X sym on Af coincide. 

We use the difference operator (Y 2 ) sym to obtain a difference equation for the symmetric 
Wilson polynomials. 

Proposition 3.18. (a) The symmetric Wilson polynomials satisfy the equation 

LE + (-,-f 2n ) =n(n + a + b + c + d-l)E+(;i 2n ), 
where L is the second-order difference operator 

L = (Y 2 ) sym - (t + h) 2 = A{x) (t(1) - l) + A(-x) (r(-l) - l) , 

, _ (a + x)(b + x)(c + x)(d + x) 
{X) ~ 2x{2x + 1) ' 

(b) The symmetric Wilson polynomials satisfy the recurrence relation 

(x 2 - a 2 )E+(x, l2n ) = B n (E + {x,j 2n+2 ) - E + (x,j 2n j) + C n ( E+ (x, 72n _ 2 ) - E + (x,-/2r. 
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where 

(n + a + b + c + d - l)(n + a + b)(n + a + c)(n + a + d) 



(2n + a + 6 + c + d - l)(2n + a + 6 + c + d) 
n(n + 6 + c- l)(n + 6 + d- l)(n + c + d- 1) 



(2ra + a + 6 + c + d - 2)(2n + a + 6 + c + d - 1) ' 

Here we use the convention E + (x,~f_2) = 0. 

Proo/. (a) Since E+(; 7 2n ) G A(n) it follows from TheoremlTBIthat y 2 £+(-, 7 2n ) = T^-B+0, 72n)- 
Then, since £ ,+ (-,72 n ) G «4+, the symmetric Wilson polynomial E + (-,^2n) is a solution to the 
difference equation (Y 2 ) sym f = 7§ n /- Now write 

7ln " (*o + hf = {t + h + n) 2 - (t + h) 2 = n(2t + 2h + n). 
to see that E + (x, 72 n ) is an eigenfunction of L = (Y 2 ) sym — (to + t\) 2 for eigenvalue n(n + a + 



b + c + d- 1). 

Now let us obtain the explicit expression for (Y 2 ) sym . Prom the explicit expression for Tq and 



Ti, 

Ti = ti + Ci(-)(si - 1), 
and from sq = t(—V)s\ = s\t(1) we see that we can write 

(Y 2 ) sym = B(x)[t(1) - 1] + C(x)[r(-1) - 1] + D(x), 

for B,C,D G C(x). To find D it is enough to calculate Y 2 1. From Tjl = t{, since 1 G A w , we 
obtain = (to + ^i) 2 - To find -B(x) we need to find the coefficient of t(1) and of r(l)«i in 

ToTi + TiTo. The only contribution comes from the terms with r(l) = SiSq, so from TiTo, and 
we find 

B(x) = c (-x)ci(x). 

To find C(x) we need to find the coefficients of r(— 1) and r(— in ToTi + TiTo. Then we 
obtain 

C(x) = c (x)(2ii - ci(x)) = cq(x)c\{—x). 
(b) Using the duality property for the symmetric Wilson polynomials we find from (a) 

[iplm ~ (*1 + Ui) 2 )E + (x 2 m,l2n) = 



A a (~i2n)\E + (x 2 m,l2n + l) ~ E + (x 2m , J2n) ) + A a (-^n) (x 2m , 72n ~ 1) ~ E + (x 2m , 72n) , 

This identity holds for all m G Z>o, so it holds as an identity in A. Setting B n = A a ('j2n), 
C n = A a (— 72n), and using 72 n ± 1 = 7 2n ±2, gives the desired relation. □ 

Proposition 13.181 gives precisely the difference equation and recurrence relation for the well- 
known Wilson polynomials [2U]. This gives us the following expression. 

Theorem 3.19. The symmetric Wilson polynomials have the explicit expression 
„+, \ „ /— n,n + a + b + c + d — l,a + x,a — x 1 

^(X,72„) = 4T3 . , . . , ;l 

\ a + b,a + c,a + a 

Here we use the standard notation for hyper geometric series, 

'cti,..., oip \ _ ^ (a{)j ■ ■ • (otp)j x> 



Using E + (x, 72„) = P^ n (x) / P^ n (xo) and the evaluation of i 3 2 n( :E o) from Pr op osition 13 . 1 4| we now 
also have an explicit expression for P^ n (x). Then from Lemma 13.61 and Theorem 13. 1UI we find 
an explicit expression for the non-symmetric Wilson polynomial p m as a sum of two balanced 
4F"3-series. 
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4. The polynomial Fourier transform 

Let V and V be a W-module and a Ho-module, respectively. A Fourier transform associated 
to the duality isomorphism a is a linear map F : V — > V that intertwines the actions of 7i and 
TC a , i.e., 

¥oX = a(X)o¥. (4.1) 

We are interested in Fourier transforms that can be written as integral transforms with some 
kernel. In this section we consider a Fourier transform with the non-symmetric Wilson polyno- 
mials as a kernel. In the next section we consider a Fourier transform with a non-polynomial 
kernel. 

4.1. The Fourier transform F. Let T denote the spectrum of —Y G 7i, i.e., T = {— r y m \ rn G 
Z>o}, and let F be the space of complex functions on T with finite support, 

F = {/ : T -»■ C | supp(/) finite}. 

We define the non-symmetric polynomial Fourier transform F = Ft : A — > F by 

(¥ P )( 7 ) = (p,E(;- r ,t)) t , 7 er. 

The mapping F is injective, since the bilinear form (•, -)t is non-degenerate, and, since the 
polynomials E(-, 7 m ; t) form an orthogonal basis for A with respect to (•, -)t, F is also surjective. 
For any / G F let us define the values of / at 70 by /(70) = /(— 70) • Now we define an action 
of the affine Weyl group W on F in the same way as on A, i.e., 

(*o/)(7) = /(I " 7), (*l/)(7) = /(-7), 7 G r. 
Proposition 4.1. The applications 

(If/) (7) = ^/(7) + Q( 7 ;t-)(( S4 /)(7) - /(7)), » = 0, 1, 
(p(z)/)( 7 ) =p(7)/( 7 ), pGA 

extend uniquely to a representation of H a on F . With this representation, F : A — > F is a 
Fourier transform associated to a. 

Proof. Assuming that the intertwining property (|4,lj) holds for X\,X2 G TC, we have for p G A, 

F^Xzp) = a(X 1 )(¥(X 2 p)) = a(X 1 )a(X 2 )(¥p) = a(X 1 X 2 )(¥p), 

since a is an algebra isomorphism. So it is enough to check the intertwining property for 
Y,T\, U\ G TC, since these elements generate 7i as an algebra. 
Let p G A. Then for 7 G T, 

F(Y»( 7 ) = (Yp,E(;-j)) t = (p,YE(;-j)) t = - 7 (Fp)( 7 ). 

So we obtain 

F(Y» = -z(¥p) = a(Y)(¥p). 
For the action of T\ we use Lemma 13.171 

(F(T lP ))(7) = <T lP ,£(-,-7)> t 

= h(p, E(; - 7 )}t + 4 (7)<P> ^(-,7) " "7))t 
= ti(Fp)( 7 ) + 4( 7 )((Fp)(- 7 ) - (Fp)( 7 )) 
= (T 1 CT (Fp))( 7 ), 

so F(Tip) = <r(Ti)(Fp). Recall here that ^(-70) = and E(x, -70) = 1. 
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Finally, for U\ we have by Lemma 13.171 

(W(U lP ))(j) = (U lP ,E(;- 7 )} t 

= Ul (p, E(; - 7 )) t + <S(7)<P2, E(; -1 + 7) - E(; - 7 )) t 

= «i(Fp)( 7 ) + c r ( 7 )((Fp)(l -7) - (Fp)( 7 )) 

= (r-(Fp))( 7 ), 

which is the same as F(£/xp) = 0"(fi)(Fp). □ 

4.2. The inverse transform. We define a weight function ro on T by 

w(r,t) = ResA(y;t' r ). 

3/=7 

Let us associate parameters a,b,c,d to the multiplicity function t CT in the same way as (|3.1j) . 
i.e., 

(a,b,c,d) = (h + io,£i - *o,«i + ^0 + 7^1 - u + -). 

In view of the explicit expression for A, Res T(y) = (— l) n /n!, n 6 Z>o, and T(n + 1) = n!, we 

j/=-n 

have 
10(7; t) = 

' , 1)n -i r(fi + 7)r(& + Tffl + 1 - 7 )r(c ± 7 )r( d ± 7 ) 
1 J r( 7 - 5)r(2 7 )r(i - 2 7 ) ' 7 + 

, 1 ^ r(q + 1 - 7)r(6 + 7 )r(b + 1 - 7 )r(c ± 7 )r(J ± 7 ) 

r(i-7-a)r(27)r(i-2 7 ) ' ^ = ^ a + n ^ n£Z ^- 

To this weight function we associate a bilinear form [•, -]t : F x F —* C by 

[/>5]t=£/(7)!l(-7W7;t). 

Now we define the map G = Gt : — > .4 by 

(Gf)(x) = [f,E(x,-,t)] t , /eF.xeC. 
Note here that E(x, •) i 7 , but clearly for any / € F the function G/ exists. 
Proposition 4.2. For X 6 Ho- and f £ F we have 

G(Xf) = a-\X)(Gf). 

Proof. Let f £ F. It is enough to check the statement for X = 2, Tq ,T° . For X=zwe obtain 

G(*/)(a;) =£7/(7Mi,>(7) 

= ^/(7)(-^(- 5 -7))(^V(7) 

=(-y(G/))(x) 

= ( ( t- 1 (z)(G/))( 7 ). 
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Next, for X = Tq we obtain 



eW/)(' 

£ (-1/(7) + + - 7 ) - /(,)))£(,, - 7 )»( 7 ) 

7er 



: fh) (^iE(x, - 7 ) + [C ™ 7j 7 - 1) - -7)) ) w( 7 ) 
7er 7 

: ^/(7)(P i?(i-7))(/W7) 
7er 



<7 



1 (^)(G/))(x) 



Here we use Lemma 13.171 and 

(a 7l ( t y ~ T W ) = (a - 1+ 2 7 7 'iV 1 + 7> ^ - 7;t), 

which can be obtained from the explicit expression for 10(7; t). 
Finally, using Lemma 13,171 we find for T[ , 

G(Tf/)(x) 

= E (*i/(7) + ^ +t ° + ^ 1 - t ° + ^ (/(- 7 ) - /( 7 )))^, -7M7) 
= J] /( 7 ) (^(z, -7) + (a + 7 2 )(6 + 7) {E(x, 7) - £(z, -7)) ) w(7) 



7er 

= X;/(7)(^(-,-7)(xH7) 

7Gr 

= ( ( r- 1 (Tf)(G/))(x), 
where we have used 



(a + 7X6 + 7) (d-7)(6-7) 

-w(7;t) = w{-r,t), 



2 7 v " ' -27 

for 7 7^ —70- This proves the proposition. □ 

From combining Propositions 14. ll and !4.2l it follows that G is, up to a constant, the inverse of F. 
This enables us to determine the 'quadratic norms' for the non-symmetric Wilson polynomials. 

Theorem 4.3. (a) We have G o F = Mid^, and ¥ o G = Mid F , where N = N{t) = 

(i,i) t ™(-7o;t). 

(b) For 7 € — r we have 

(E(;r,t),E(;r,t)) t _ w(-7o;t) 
<M)t w(- r ,t)' 

Proof, (a) Let p € A. From Propositions 14. ll and 14.21 we obtain 

G(Fp) = G(a(p(*))(Fl)) =p(z)(G(¥l)). 

Using the orthogonality relations for the non-symmetric Wilson polynomials, and the definitions 
of F and G, we obtain 

G(F1) = (l,l) t ™(-7 ;t). 
So we have G o F = J\fidj± with J\f as in the theorem. 
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Next let f £ F. Since F is bijective, we have / = ¥p for some p £ A. This gives us 

F(G/) = (FG)(Fp) = M(¥p) =Mf, 

which shows that F o G = Afidp. 

(b) Using the orthogonality relations for the non-symmetric Wilson polynomials, and the 
definitions of F and G, we find 

(G(¥E(; -7))) (*) = (E(; -j),E(; -j)) t E(x; -7M7; t), 7 G T. 

On the other hand, from (a) we obtain (G(¥E(-, —7))) (x) = AfE(x, —7). Comparing gives 

(£(.,-7),£(.,-7)} t = -^, 

which is equivalent to statement (b) in the theorem. □ 

Let us remark that since (f,g)t = \{a + b)(f,g)^ for f,g£ A w , and (1, 1)^ is a well-known 
integral (see |20j), we can evaluate (l,l)t; 

H T{a + b+l)T(a + c)T(a + d)T{b + c)r(b + d)T{c + d) 

Y[a + b + c + a) 

So the 'quadratic norms' of the non-symmetric Wilson polynomials are completely explicit. 
For F and G we have the following Plancherel-type formulas. 

Proposition 4.4. Forp±,p2 € A and /i,/2 € F, 

[¥p 1 ,¥p 2 ] t =Af(p 1 , P2 ) t , (Gfx,Gf 2 )t =A/I/i,/ 2 ]t. 

Proof. From the definitions of F and G we obtain, for p € A and / € F, 



[f,¥p] t =£/(7) I p(x)E(x,- 7 )A(x)dx) 

7gr V m Jc J 



117(7) 




(4.3) 



^ f(l)E(x, -7)10(7) J p(x)A(x)(ix 
v7 er 

= (G/,p> t . 

For the first identity take / = Fpi and p = P2 in (|4.3|) . for the second identity take f = fi and 
p = G/2. Then use Theorem 14.31 □ 

4.3. The symmetric transform. The non-symmetric polynomial Fourier transform is defined 
as an integral transform with the non-symmetric Wilson polynomial as a kernel. Similarly 
we can define a symmetric polynomial Fourier transform as an integral transform with the 
symmetric Wilson polynomial as a kernel. For this transform we can also find the inverse, and 
obtain Plancherel-type formulas. The proofs for these are very similar to the proofs for the 
non-symmetric case, and will be left to the reader. 

Let T + = {72 n I n S Z>o} C —T. Furthermore, let F + denote the subspace of F consisting of 
VF-invariant functions on T, then 

F+ = {f e F \ /( 7 ) = /(- 7 ), 7 e r+}. 

We define the symmetric polynomial Fourier transform F + : A+ — > F + by 

(F+p)( 7 ) = <p,£+(-, 7 )}+, 7 er+, p£A + . 

Let w + be the weight function on r + defined by 

u,+ ( 7; t) = ResA + (y;t a ). 

y=i 
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With this weight function we define a bilinear form [•, -] + : F + x F + — > C by 

[f,g\t= £ /(7)5(7)^ + (7;t). 

7er+ 

Now we define G + : — > .4+ by 

(G+/)(x) = [/,£+(x,-)] t + , x e C, / e F+. 

In the same way as in the previous section we can show that G + is, up to a multiplicative 
constant, the inverse of F + , and this leads to the (well-known) evaluation of the quadratic 
norms of the symmetric Wilson polynomials and Plancherel-type formulas. 

Theorem 4.5. (a) We have G+oF+ = M + id A+ , and¥ + oG + = N + id F+ , whereN + = Af+(t) = 
(l,l) t + ^+( 7 o;t). ' 

(b) For 7 € T+ , 

(E+(-,7;t),£ + (-, 7 ;t)) t + = w + ( 7 o;t) 

(c) For pi,p 2 £ A+ and /i, / 2 G F + , 

[F + Pl ,F + P2 }+ =Af + (pi,P2)t, (G+/ 1 ,G + / 2 )+ =M + [hJ 2 }t- 

5. The non-polynomial Fourier transform 

In this section we study a Fourier transform associated to a with a non-polynomial kernel. 
This kernel turns out to be a meromorphic continuation of the non-symmetric Wilson polynomial 
in its degree. 

5.1. The Gaussian. We define an involution r on multiplicity functions by interchanging the 
values on the ao-orbit and the ag -orbit; given t = (to,uo,ti,ui) we have 

t T = (u ,t ,ti,ui). 

We use notations with r in the same way we do with the involution a. We will also compose a 
and r, and we use notations like t CTT = (t CT ) T = (uq, m, t\, to). We will use similar notations for 
objects depending on t CTT , e.g. H aT = H(t aT ). We mention that 

t TCTr = (t 0) «i,*i ) «o)=t <TTCT , 

which will be used later on. 
We define the Gaussian by 

G(x;t) = T(to-u + ^±x). 

This function will play the same role as e~ x2 does for the Hankel transform, see pj. Let r denote 
conjugation with the Gaussian; 

GoX = t{X)oG, X£H. (5.1) 

Proposition 5.1. The application X t{X) is an algebra isomorphism Ti — > 7i T . On the 

generators z,Tq,Ti ofTL the action of t is given by 

t(z) = z, t(T ) = U5, t(T 1 )=T{. 

Proof. The fact that r is an algebra isomorphism follows from the explicit action on the gener- 
ators, so we need to check the actions given in the lemma. 

The identities GzG~ l = z and GTiG^ 1 = T[ are easy to check, using that z and T\ do not 
depend on to and uq, and the identity (siG _1 )(x) = G(x)^ 1 . For Tq we use 
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then we obtain, for p £ A, 

{t{Tq)p){x) = (t - co(x))p(x) + l-2x P ^ ~ X ' 

By a direct calculation it is verified that 



t - cq(x) = x - - - u + c T o(x). 



So we find 



(t(To)p){x) = {x--- u )p(x) - cl(x)(p(l - x) -p{x)) = ((z - - - To)p){x). □ 

5.2. Construction of a Fourier transform. We construct a Fourier transform associated to 
a using the transforms F, G from the previous section, and the Gaussian. First, we define a 
linear operator $ '■ A — > A by 

£ = G CTT o G Ta oF r . 
Note that the set T T consists of the points 



— (uo + ti + n), m = 2n, 
uo + t\ + n, m = In — 1, 



which are clearly invariant under u\ <-> to- So we have T T = T aT . Recall that F is the set of 
finitely supported functions on T, then it follows that F T = F aT . So the composition G ffT oG Ta o 
F T is well-defined. 

Proposition 5.2. For X € TL T we have 

d°x = x (.x) d, 

where x '■ tt T — * "riar is the isomorphism \ = &ar ° t t<t ° cr T . Explicitly, \ '■ 'Hut is given 

on algebraic generators ofTL T by 

x(z) = -uz r - tt, x(y t ) = y°\ X {T{) = rr. 

Proof. First we check the intertwining property. Let X £ 7i T and p S A. Using the intertwining 
properties of F and G, see Proposition 14. II and (|5.1|) . we have 

3(Xp) = (G ffT oG Tff oF T )(Ip) 

= (G ffT oG rff )((i T (I)(F Tj) )) 

= &ar [(Tra ° CT T ) (X) ((G Ta O ¥ T )( P )) 

Note that (r Ta o a T )(X) € H TCTT = TCara- So by the intertwining property of G, see Proposition 
E3 it follows that 

ff(Xp) = (a^ o Tra o a T ){X)((G aT o G T(T o F T )(p)) = xP0(3p)- 

The explicit expressions for x(-^O) X = z,Y T ,T{ £ 7Y r , are easily verified using the explicit 
actions of a and r on algebraic generators. □ 

We define the symmetric version § + : A+ — > A+ of the operator J by 

5 + = G^ r oG TCT oF+. 

Proposition 5.3. (a) Let £ : A ^> A be the linear operator defined on the Wilson polynomials 
by 

(££ T (-, 7 ))(A) = G TUT ( 7 )E aT (X, 7 ), 7 e -r T , 
£foen £ = ./Vjr 1 5; where M denotes the constant from Theorem \4-S\ 
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(b) Let £ + : A+ — ► A+ be the linear operator defined on the symmetric Wilson polynomials 

by 

(£+£+(•, 7)) (A) = G T<rr (rf)E+ (A, 7), 7 G T+ 
i/zen £ + = (A/^) _1 5 + ; where J\f + denotes the constant from Theorem \4 ■ 5\ 

Proof, (a) Let C and £' be linear operators on A, such that £E T (-,~f) = £'£,-(•, 7). The Wilson 
polynomials E T (-,j), 7 £ — r r , form a linear basis for A, therefore £ = £'. So, to prove the 
proposition, we need to calculate the action of 5 on the Wilson polynomials E T . 
Let 7,7' G r r . By Theorem I4.3f b) we have 

(F r £ r (,- 7 ))( 7 ') = (E T (;-~f),E T (;- 7 %. = 5^,^-. 

Multiplying this expression by G T<T (7') and applying G CTT then leads to 

{$E T (; -7)) (A) = MrGr^^PvE^X, -7). 

Using the definition of the weight A we see that G T A = GA T , so that by the definition of the 
weight w and by t Ta = t aTaT it follows that 

G TU {-i)w aT (-f) = G r(7T (7)u; T (7), 7 G T r . (5.2) 

So we find that $E T (-, -7) = Af T £E T (; -7). 

(b) This is proved in the same way as (a) using the orthogonality relations for the symmetric 
Wilson polynomials. □ 

Now define the operator T' : AG T — > AG aT by 

J 7 ' = G^o^oG- 1 . (5.3) 

Proposition 5.4. The operator T' is a Fourier transform associated to a. 

Proof. We need to show that T' o X = a(X) o T* for all X G H. Let p G A and let / = pG T . 
From ()5.1|) and Proposition I5.2f a) we obtain 

F'(Xf) = G^\t{X)p) = G aT [(x o t)(X)]($ P ) 

= l(T„ T °x°T)(X)}{G aT dp)=kl(T aT o X oT)(X)}(F'f). 

Now we must check that a = r (TT o x t. It is enough to check that this identity is true on 
generators of 7i. This is a straightforward exercise that we leave to the reader. □ 

5.3. The Fourier transform T. We want to write T' as an integral transform with some 
kernel. First we consider the related transform Writing out explicitly $p = (G CTT o G Ta o¥ r )p 
and changing the order of summation and integration, suggests that we may write 

(ffp)(A)=*<p,<S(-,A)V, p e A, (5.4) 
for some kernel <£(x, A) and k a non-zero constant. 

Remark 5.5. If we formally expand the kernel (£(x, A) in terms of Wilson polynomials E T (x, r y) 
and we calculate the coefficients of E T (x, 7) using the orthogonality relations for the Wilson 
polynomials, we obtain 

£(x,A) = k" 1 E T {x-- 1 )E aT {\-- 1 )G Ta { 1 )w ar { 1 ). 

This gives a formal power series for the kernel £(x, A) similar to the kernels defined by Cherednik 
(HI (5.12)], see also ^3 (5.13)]. However, it turns out here that this sum does not converge 

absolutely. In [3], ^5] the absolute convergence of the series comes from the Gaussian, which, 

2 

in the rank 1 case, contains the factor q n for < q < 1, where n is the summation index. 
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Although we cannot define the kernel in this way, it does give us an idea what properties the 
kernel (£ is expected to have; if the above expansion would converge absolutely, <8(x, A) would 
be an entire function in x and A, and (£ would satisfy the duality property (£(x, A) = £ a (X,x), 
provided that k a = k. 

We want to find a kernel (£ such that the integral transform (|5.4j) maps a Wilson polynomial 
E T (-,j) to a multiple of G rcrr (7)-E (JT (-, 7) as in Proposition I5.3f a) . To do this we introduce the 
function 

r(l-a-d) 



T(a + b)T(a + c)T(l -d± x)T(l - d ± A) 

/a + x, a — x, a + x, a — x 

\ a + o,a + c,a + a 

T(a + d- 1) 

+ T(1 + b - d)T(l + c - d)T(a ± x)T(a ± A) 

1 — d + x, 1 — d — x, 1 — d+ X, 1 — d 
l + 6-d,l + c-d,2-a-d 



(5.5) 



x 4^3 



In (Hj the function cft\ is called a Wilson function. Here we will use the name 'Wilson function' for 
a different (but closely related) function, see Definition l5.1()l Using transformation formulas for 
hypergeometric functions, the function <p\ can be expressed as a multiple of a very- well-poised 
7-Fg-function. In jH] a second-order difference operator L is studied, which in the notation of 
this paper can be written as L = a 2 — G^ 1 o {Y 2 ) sym o G T . From results of Ismail, Letessier, 
Valent and Wimp 7^ and Masson who studied the associated Wilson polynomials using 
contiguous relations for 7i ? 6-series, it follows that the function cp\ is an eigenfunction of L for 
eigenvalue a 2 — A 2 . 

The following properties of <j)\ will be useful for us. 

Lemma 5.6. The function (f>\(x) has the following properties: 

(a) 4>\{x) is an entire function in x and X. 

(b) For p £ A and y€l the integral (p, 4>\{ ■ + y))fr converges absolutely. 

(c) For 7 G T+ 

(^ + (,7)^A) t t = ^^^ + T (A,7). 

Note that for (b) the only conditions on the values of to, uo, t\, u\ are the conditions from 
subsection 13.11 

Proof. Property (a) follows directly from the definition of 4>\(x). Using a transformation formula 
for 7i ? 6-series, it is proved in & that for x — > ±00 and y G R, 

<Px(y + ix) ~ \x\ d - a ' b ~ c e^ x \- %v) (^{XM-^ + c(-X)\x\ 2X ), 

where c(A) is independent of x and y. The weight function A^T has the asymptotic behavior 

A+( X ) ~ | x |2a+26 + 2 C -2d-l e -2.|x.| i % ^ ±iQOj (g g) 

which can be obtained from applying Euler's reflection formula for the T-function and using the 
asymptotic formula 

Via + z) a _ g . I / M lr n\ 

-^——±~z a \ z -> 00, arg (z < 7T. 5.7 

Now we see that the integral (p, 0>( • + y))^~r is absolutely convergent, independent of the values 
of a, b, c, d. Property (c) is Theorem 6.9 in [B], where it is proved in case the parameters a, b, c, d 
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are such that A+(x) is a positive weight on iSL, but the prove remains valid without these 
conditions. □ 

From Lemma 15 .fif e) and Proposition I5.3f b) it follows immediately that $ + can be written as 
an integral transform with (f)\ as a kernel. Next we use 4>\ to write 5 as an integral transform. 
Recall the generalized Weyl character formula from Theorem l3.1()l For the renormalized Wilson 
polynomials this formula looks as follows. 

Lemma 5.7. For m € N the renormalized anti- symmetric Wilson polynomial satisfies 
E~(x,"f m ;t) = (-l) m a 5 a (-j m )5(x)E + (x,<y m _ 2 ;t ,u ,ti + l,u{), 

where 

_ 1 

01 ~ ' ~ (a + b)(a + b + l)(a + c)(a + d) ' 

Here we use the convention E + (x,j^i) = 1. 
Proof. From Lemma 13.61 and &2n — *i = C\ ( — 72n) we find 

So by Theorem 13 . 1 Ul we have E~(x, j m ) = a m 5(x)E + (x, "f m -2', to, tto,ii + l, ui) for m £ N. Recall 
here that E + (x,'j2n) 

= E+ (x,j 2n -i)- Normalizing the polynomials then gives 

Cf (-72n) -P 2 n-2( X + 1; t ,U ,ti + 1, Ul) 
«2n = 



«2n-l 



2tlP2n(-^o) 
^-2(^0 + 1; *0, UO, h + 1, Ul) 



2t 1 p 2n -l{-Xo) 

Writing this out explicitly using Proposition 13. In completes the proof. □ 
Proposition 5.8. Let (£ be given by 

£{x, A) = <p\(x;t) + 6(x)5 a (X)(j)x(x;to,uo,t 1 + l,«i), 

i/ien 

(£ T (-, 7 ), g(-, A)) t r = 2fr ^ TCTT / 7 T \ E<tt{\ 7), 7S-r T . (5.8) 

Consequently, (5 r p)(A) = /C (p, (£(•, A))t T for p € .4, where the constant is explicitly given by 
K = M T G TaT (%)/2t 1 . 

Proof. If (|5.8[) is valid, then by Proposition !,^, 3f a) we have ($p)(A) = /C(p, (£(•, A))t^ for allp G .4., 
with /C = N t G t<tt {^q) /2t\. So we need to show that (|5.8j) holds. 

Let 7 £ — r T . In order to prove (|5.8|) we split E T and (£ in symmetric and anti-symmetric 
parts, then 

(E T (; 7 ), <£(-, A)) t r = (£+(-, 7), ^ + (-, A))t T + (E~(; 7 ), €"(-, A)> t r , 

where we denoted CJ(£(-,A) = (£ (-,A). Since (£ + (x,A) = (j>\(x), we obtain from Lemmas [T 
and l5.6f c) 

(£ r + (-, 7 ),g+(-,A)) t , =tx(ii; r + (-, 7 ),g + (-,A))+ = 2t 1 g^ ^+(A, 7 ). 
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For 7 = 7q the proposition is now proved, since E~{x,^q) = 0. Assume that 7 = 7^ for some 
m € N. For the anti-symmetric part we rewrite E~ using Lemma 15, 71 (note that 5 = <5 r ), and 
we use <5(x)A T (x) = — (2x)^ 1 A + (x;uQ,to,ti + then symmetrizing the integrand gives us 

(£7"(-,7), <£-(•, A)) tT 



z( _ ir «r^( j)^(A) r E+{ . jYm _ 2 . t0jU0jtl + hul)Mx . t0jU0jtl + ^ Ul) 

S(—x) — S(x) ... . , 

x -i ^- — — A + (x; n , t , *l + 1, ui)dx 

--(-l) m+1 2t 1 a T 5 Tr7 (-j)5 a (X)(E + (-,-f; n _ 2 ;u ,to,t 1 + 1, m), A (s *o, wo, *i + 
: (-l) m+1 2t iaT Sr^-^X) ^^} E+(X, 7 ^_ 2 ; txo, «i, ti + 1, to) 



(U0i*0,*l+l,«l) 



2*i ^Jjfil 7m) + (-l) m «<xr <W~7)MA)ff + (A, 7 ^_ 2 ; n , u 1 ,t 1 + 1, t )) • 



Here we used 7 m _2(«o> £o> ii + 1, u{) = ±(«o + t\ +n) = 7m for m = 2n, 2n — 1. From the explicit 
expressions for a T and G rcrr (72) we find 

GWt(72) G T(7T (7j)' 
Then adding the symmetric and the anti-symmetric parts we obtain 

(£ T (-,7),e(-,A)) t . 

Note that 5 rcr = Jo-to- and 5 CT = 5 aT , so applying Lemma 15,71 now gives (|5.8|) . □ 

Now we can express and therefore also J-', as an integral transform. Our next goal is 
to write J- 1 in the form (T'f)(X) = {p, £ (•, A)}, where the bilinear form {•, •} is such that the 
generators of Tt are symmetric with respect to this bilinear form. The intertwining property 
T' o X = <j{X) o T\ IeH, then immediately gives transformation properties of the kernel £ 
under the action of Tt and Tt a . 

Let be the weight function given by 

0(x) = G T {x)- l G{x)- l A{x). 
By Euler's reflection formula for the T-function we may write 

GJx)- l G(x)- 1 = -^sinvrfdix), 



and from this expression it is easy to see that G T 1 G 1 is W-invariant. To the weight function 
we associate a bilinear form {•, •} on AG T ; 

{f,d}t = ^— / f(x)g(x)@(x)dx. 



2m j c 

Lemma 5.9. The algebraic generators z,Tq,T\ ofTt are symmetric with respect to {•, -}t- 

Proof. For z this is trivial. For i = 0,1, we have T i (G T (x)- 1 G(x)- 1 /) = G T (x)- 1 G(x)- 1 T i /, 
since G T (x)~ 1 G(x)~ 1 is W-invariant. Since T; L is symmetric with respect (•, -)t we have 

{Tif,g}t = (T,/,G- 1 G- 1 5 ) t = (f,T i (G~ 1 G~ 1 g)) t = (/, G~ 1 G~ 1 T i g) t = {f,T i9 } t . □ 

With the bilinear form {•,•} we are going to construct a Fourier transform. The following 
function is the kernel in this Fourier transform. 

Definition 5.10. We define the (non- symmetric) Wilson function by 

£(x,X) = G T (x)G aT (X)(£(x,X). 
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Observe that <£(x, A) is an entire function in x and A, so the Wilson function is a meromorphic 
function in x and A with simple poles coming from the Gaussians, located at x = ±(1 — d + n), 
A = ±(1 — d + n), n € Z>o- With the non-symmetric Wilson function we now define an integral 
transform that is a Fourier transform associated to the duality isomorphism a. Moreover, we 
can find the inverse and Plancherel-type formulas. 

Theorem 5.11. Let T he the linear operator defined by 

(J7)(A) = {f,£(; A) }t, feAG T . 

Then 

(a) T maps AG T into AG aT . 

(b) J- is a Fourier transform associated to a. 

(c) T o T a = (a + b) 2 idj^Gar and T a o T = (a + b) 2 id^c T . 

(d) For fx, f 2 G AG T and gx,g 2 £ AG aT , 

{J r fx,J r f2}t° = {a + b) 2 {f 1 ,f 2 }t, {Fo9uFog%}t = {a + b) 2 {gi,g 2 }^- 

Proof, (a) We only need to check that the operator J- is the same as kJ-' , see (|5.3|) . for some 
non-zero constant k. Let / £ AG T . Observe that 

A T (x) = G T (x)G(x)" 1 A(x), 

then using Proposition 15.81 we have 

K-\G aT o $ o G- 1 )^) = G CTT (A)(G- 1 /, <£(•, A)) t r 

= G aT (X){G- 1 G- 1 f,G T £(-,X)) t 
= {f,£(;X)} t . 

This is the desired result. 

(b) This follows from the proof of (a) and Proposition 15.41 

(c) Let us denote e 7 (x) = G T (x)E T (x,'y), for 7 G — r r . From Proposition 15.81 we obtain 

(^e 7 )(A) = (a + b) ^ T ■j£. G OT (\)E ar (\,i) = (a + b) ^ 1 } e$(A). (5.9) 

G rar (7o) G rcrr (7jJ 

Next we apply ^> : ^LGo- r — > .AGV, which comes down to replacing t by t CT , then 

G T <j T {l) 



{?„ o T)(e,)(x) = (a + b) TOT rL {Fa 



Grar(7j)G T a(7j) 

where we used t°" rcr ' r = t TfT . Writing out the Gaussians explicitly we have, for m = In or 
m = 2n — 1, 

GW(7m) = / -, m ( Q + 1 ~ d )n G TaT (j^) (6 + c) w 

G T(T (7o T ) 1 J (6 + c) n ' G TCTr (7 r ) 1 J (a + l-d) n ' l ' j 

so we have {T a ° F){e 1 ){x) = (a + 6) 2 e 7 (x). Since the non-symmetric Wilson polynomials form 
a basis for ^4, the set {e 7 | 7 € — r T } is a basis for AG T , and therefore T a o T = (a + 6) 2 idj,G T - 
In the same way we obtain J 7 o T a = (a + b) 2 id^c^r- 

(d) It is enough to show that the Plancherel formula is valid for the basis elements e 7 of AG T . 
By Theorem 14.31 we have, for 7,7' £ — r r , 

{e 7 ,e y }t = (E T (;l),E T (W)) t , = V ■ 
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Writing out explicitly (1, 1)^ in terms of to, uo,t\, u\ using ()4.2I) and we find an expression 

that is invariant under to u ii so 

(l,l) t r = (l,l)t-- 

Using also the identity G TaT (7)^(7) = G Ta (j)w aT (7), see (|5.2|) . we then obtain 

^cttI, 7 J 

where 

Now from (|5,9|) it follows that 

{e 7 ,ey} t = k 2 {^){J : e 1 , Fe^}^ , 
where the factor k 2 (7) is given by 

, M = fci( 7 )g^(7o r ) 2 = , . M - 2 gra(7o T )g^(7o r ) 
2l7j (a + 6)2G TCT r(7) 2 1 + j G T(T (7) G T(JT (7) " 

By (|5.10|) we have ^2(7) = (a + b)~ 2 , so we have proved the first Plancherel formula. The second 
formula follows from applying (c). □ 

Let us define the symmetric Wilson function by 

£ + (x,X) = {C + £(;X))(x). 

Observe that £ + (x, A) = G T (x)G ar (X)(j)\(x), with (f>\ defined by (j5.6|) . So <j>\ can be considered 
as the analytic part of the symmetric Wilson function. With the symmetric kernel £ + we define 
the integral transform 

(T + f)(X) = {f,£ + (-,X)}+, f G A + G T , 
where {•, is the bilinear form on A+G T defined by 

{f,g}t = ^- j c f(x)g(x)Q + (x)dx, 

G+(x) = G T {x)~ l G{x)- l /\ + (x). 

Then it not hard to verify that J- + : A+G T — > A+G aT has the inverse . Moreover, we have 
the Plancherel-type formula 

{^+/ 1 ,^+/ 2 }+ = {/i,/ 2 }+, /i,/ 2 e A + G T1 

so J- + is an isometry. 

Let us assume that the parameters a, b, c, 1 — d are positive, or the non-real parameters occur 
in pairs of complex conjugates with positive real parts. Now the weights + and A+ are positive 
on iR, so {•, -}jT and (•, -)JV define inner products. In general, if for some e > we have 

e £ ^dfi(x) < 00, 

then the moment problem for the measure /i is determinate, see [HI and references therein, and 
therefore the polynomials are dense in the Hilbert space L 2 (M, /i). Using the asymptotic behavior 
01 A t , w e find for < e < 2tt 



/ e £ ^A+(ix)dx < 00, 



so the polynomials are dense in L 2 (iW, A+). In particular, the symmetric Wilson polynomials 
.E+(x,7), 7 £ r + , form an orthogonal basis for L 2 (iW, A+) w , the subspace of even functions 
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in L 2 (iE,A+). From this it follows that the set A+G T is dense in L 2 (iM, + ) w . Therefore 
the integral transform T + extends uniquely to a unitary operator T + : L 2 (iM, {^ni)~ l Q + ) w — > 
L 2 (iM, (47u) -1 0+) . Also, the operator $ + = o JF+ o G T extends uniquely to a unitary 
operator : L 2 (iR, (4vri)- 1 A+) w -> L 2 (iR, (Am)- 1 A+ T ) w . This operator is precisely the 
Wilson function transform of type I, as defined in [Hj. 

5.4. Properties of the Wilson function. Let us finish this paper with a few nice properties of 
the Wilson function. From the property ToX = o~(X) oT and Lemma f5.9l it follows immediately 
that the non-symmetric Wilson function satisfies 

(X£(;X))(x) = (i>(X)£(x,-))(\), XGH, (5.11) 

where ip denotes the duality anti- isomorphism. In particular £(x, A) is an eigenfunction of the 
Dunkl-Cherednik-type operators Y and Y a for eigenvalue —A, respectively —x. From (the proof 
of) Proposition 14. II it follows that for A = 7 S T the Wilson polynomial E(x, —7) also satisfies 
the transformation property (|5.11|) . This suggests that £(£,7) = kE(x, — 7), 7 € T, for some 
non-zero constant k. Moreover, the dual Wilson function £ a (X,x) also satisfies (|5.11|) . which 
suggests that £(x,\) = k£ a (X,x) for some non-zero constant k. 

Theorem 5.12. The Wilson function £{x, A) satisfies: 

1 (a + o)l (a + c) 
(b) £(x,X) =£ a (X,x) 

So £(x, A) is a meromorphic continuation of the non-symmetric Wilson polynomial in its 
degree, and like the Wilson polynomial, £(x,X) also satisfies a duality property. 

Proof. Consider first the function 4>\{x) defined by (J5.5|) . Using a + e = 5 + e for e = 6, c, d and 
e — d = e — d for e = b,c the duality property for ^ follows directly from ()5.5|) : 

A (x;t) = ^(A;t CT ). 

Now the duality property for the Wilson function follows from Definition 15. 101 and the definition 
of the kernel (£ in Proposition 15.81 

For the reduction to the Wilson polynomials observe the function T(d ± A) -1 has zeros at 
A = ±(a + n), n € Z>o- Thefore the second ^s-function in (|5.5|) vanishes for A € T, and then 
we see that 

T(a + 6)r(a + c)G T (a;)G (TT (7) 
Now (a) follows from Definition I5.1UI and Lemma 15.71 □ 
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